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A s ta t ionary  a x i s y m m e t r i c  p rob lem with condi t ions  of  convec t ive  hea t  

t ransfer  is cons idered .  A spec ia l  me thod  is employed  to find an ap-  

p rox ima te  solut ion in ana ly t i c  form and its a c c u r a c y  is eva lua t ed .  

We will examine the ha l f -space  z > 0 at whose 
boundar ies  (surrounded by a c i rc le  of unit  radius) a 
constant  t empe ra t u r e  is mainta ined,  with conditions 
of convective heat t r ans f e r  main ta ined  over the r e -  
ma inde r  of the boundary plane.  In the case of a homo- 
geneous and isotropic medium,  de te rmina t ion  of the 
t empera tu re  d i s t r ibu t ion  in the ha l f -space  can be r e -  
duced, as is well known, to de te rmina t ion  of the h a r -  
monic  function 0(r, z) for boundary conditions of the 
form 

0 = 1  when z=0 ,  r < l ,  (1) 

and 

0--k0-0-0=0 when z = 0 ,  r > l ,  (2) 
Oz 

where k = const  > 0. (Here and beyond, we will use 
d imens ion les s  quanti t ies) .  

We know of a number  of r e fe rences  [1-3]  in which 
this kind of p rob lem is reduced to the solution of in -  
tegral  or in tegrodif ferent ia l  equations.  However, the 
r e su l t s  der ived  in these r e f e r e n c e s  pe rmi t  only nu-  
me r i ca l  solution,  often s ignif icant ly  r e s t r i c t i ng  the 
poss ib i l i ty  of its in te rpre ta t ion .  In this connection, 
we consider  an approximate  method of solving the 
stated problem,  and one which makes it poss ib le  to 
der ive  an analyt ical  express ion  for the solution.  

We will p resen t  the unknown functions 0(r, z) in the 
form of the sum of the two functions 

0 = 0' + 0", 

sa t is fying the following boundary condit ions when  z = 
= 0 :  

( f  (r), r<(1, (3) 
0 ' =  

( o, r > l ,  (4) 

0"= 1--f(r), r < l ,  (5) 

00" 
- -  O, r >  1. (6} 

Oz 

Condition (1) is identically satisfied in this case for 

all f(r), while in order to satisfy condition (2) it is 

necessary to determine f(r) so as to satisfy the fol- 
lowing equation when r _> 1: 

e"(r, O ) = k  O0'(r ,  O) (7) 
Oz 

The prob lem of finding the harmonic  functions 0' 
and 0" involves no fundamental  diff icult ies .  The solu-  
t ion of the f i r s t  of the indicated problems in this case 
can be obtained d i rec t ly  by means  of the Green ' s  func-  
t ion for a ha l f -space  and has the form 

2~ 1 

0'(r, Z)= ~ ~ (z~.+r2_~_p22rpcos~)3/2 , 
o o 

(8) 

while the solut ion of the second problem is p resen ted  
in the form 

O" (r, z) = i A (s exp (-- ~ z) J0 (~ r) d ~, (9) 
0 

where A(~) is found f rom the solution of the pa i red  
integral  equations : 

i A(~,)Jo(~r)d~.=l--[(r) ,  r < l ,  (10) 
o 

• LA(~.)Jo(~.r)d~.----O, r > l .  (11) 
o 

To find the function A(h) we can use,  for example,  
the f ami l i a r  method proposed in [4]. By p resen t ing  
A(k) in the form 

1 

A 0 ~) -- .f. q) (t) cos ~, tdt (12) 
0 

we can sat isfy Eq. (11) identically,  while Eq. (10) is 
brought to the form of the Schloemilch integral  equa-  
t ion 

j r' ~0 (0 d~ 
~ r~/-fv----_ p 

o 

= I - -  f (r), (13) 

whose solution is known [5] and is given by the ex- 
p r e s s i o n  

t 

(0 = ~ ddt ~ r Vt' f l--f  (r), ! dr. (14) 
0 

The function 0" is thus defined by express ions  (9), 
(12), and (14), which, as does (8), include the unknown 
function f ( r ) .  Determining  f(r)  d i rec t ly  by means  of 
re la t ion  (7) is difficult,  s ince subst i tut ion into the 
la t te r  of the der ived express ions  for 0' and 0" t r a n s -  
forms it into the Fredholm integral  equation of the 
I - s t  kind with a nonsymmet r i e  kernel .  
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To find the app rox ima te  solut ion of the ini t ia l  p r o b -  
lem,  we a s s u m e  a c e r t a i n  e x p r e s s i o n  of f ( r )  so as  to 
sa t i s fy  the fol lowing condi t ions:  

1) the unknown function 0 mus t  be continuous e v e r y -  
where  at  the boundary  and toge the r  with the de r iva t ive  
80/0z it mus t  d imin ish  monotonica l ly  with i n c r e a s i n g  
r (when r > 1); 

2) the total  heat  flow f rom the boundary  plane mus t  
equal ze ro ,  i . e . ,  

i O0(r, O)rdr=O; 
Oz 

3) condit ion (7) mus t  be s a t i s f i ed  at  l e a s t  when r = 1. 
The fo rmula t ed  r e q u i r e m e n t  can be s a t i s f i ed  if we 

a s s u m e  f ( r )  in the fo rm 

B, r < c < 1, (15) 
/ ( r ) =  O, c < r < l ,  

where  B and c a r e  p a r a m e t e r s .  
The f i r s t  of the a b o v e - c i t e d  condi t ions ,  a s  is  not 

diff icul t  to see ,  is s a t i s f i e d  for  any va lues  of the p a -  
r a m e t e r s .  

Subst i tut ion of (15) into (8) l eads  to the fol lowing 
e x p r e s s i o n  (see, for  example ,  [7]): 

0' (r, z) 1 - -  z 
B a~ V z  2 + (r + c~ 

where  a = (r z + zZ)l/2, n I = :-2r/a + r) ,  n z : 2 r / a -  r), 
and v 2 = 4 c r / [ ( r  + c) 2 + z2]. Analogously,  by means  Of 
r e l a t i ons  (14), (12), and (9), we obtain [6] 

I 
! (l--B), t<c ,  

r  2 [ l - - B (  1 t 7 V~__7,) J, t > c ,  

I 

== + 5 , c > e l  -~- - - ~  B g t , __ce  j ,  
c 

0 tl (r$ z )=  2g [ ( 1 -  B) ~ exp (--)~ z ) x  J0 (X r)sin X d • + 

0 

i 1 + B ~ ~ t d t  j.O.r)exp(_~.z)cos;~td~. = 

e 0 

The r e l a t i onsh ip  between the p a r a m e t e r s  B and c 
can be e s t a b l i s h e d  by p roeed ing  f rom the condit ion 
that  the total  heat  flow be equal to ze ro ,  which is 
equivalent  to the case  in which the coeff ic ient  for  1 /z  
in the expansion of 0(0, z) in powers  of 1 /z  is  equal to 
0 in the v ic in i ty  Of an inf in i te ly  r e m o t e  point.  Assuming  
in (16) and (17) that  r = 0 and c a r r y i n g  out the in te -  
g ra t ion  in (17), we de r ive  the fol lowing exp re s s ion :  

0(0, z )  B ( 1 - -  

+ - - a 2 [ ( 1 - - B ) a r c t g +  + 

1 

Bz arr l 
V c-rT+-7~ V ce + z, j 

(18) 

Expand ing  (18) in a power  s e r i e s  and equating the co -  
eff ic ient  for  1 /z  to zero ,  we obtain the r e l a t ionsh ip  

1 
B = (19) 1 - V  l - c  e 

Subst i tut ing (19) into (16) and (17), by means  of a p -  
p r o p r i a t e  t r a n s f o r m a t i o n s  we obtain an e xp re s s ion  for  
the t e m p e r a t u r e  and dens i ty  of the heat  flow at  the 
boundary  when r > 1: 

O(r, o)[r>l= 2 1 ( 4  

1 
+ - -  arcsin 

2 
r z -  c 2 W ) -  c e aretg , (20) 

oo (r, o) I 
OZ ' It> 1 

a l - - V i ~ - ~  [ 7 ~ - c  ~ 
(21) 

P r o c e e d i n g  f rom (21), for  the total  heat  flow we have 

Q-- 2n i OOrdrOz = 4  K(c)--E(C)l_ V 1-- c e 
1 

(22) 

E x p r e s s i o n  (22) can a l so  be used  to find heat  c a -  
pac i ty .  

In a l l  of the r e s u l t s  obta ined above we have the 
p a r a m e t e r  c for  whose de t e rmina t i on  we use  the th i rd  
of the a b o v e - f o r m u l a t e d  condi t ions,  i . e . ,  we d e t e r -  
mine  this p a r a m e t e r  f rom the r e l a t ionsh ip  

0"(1, 0 ) = k  00'(1, 0) (23) 
Oz 

2 [,, ~176 1 Ii: 
= ~ }f2-z + [i/(ze+ re--1)e+4z e + (P + r e -  

l 

~ 2 -  V ( t= - -  c ~) [( re + ze - -  p)e + 4zePl dt . 
c 

(17) 
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Having subs t i tu ted  (20) and (21) into (23), we obtain 
the r e l a t ionsh ip  be tween the known quanti ty k and the 
p a r a m e t e r  c 

k = ~ ( 1 - - c ~ ) ( l m l f l ~ c ~ )  
2 E(c)--(l--c~)K(c) (24) 

It follows f rom (24) that  the change in the p a r a m e t e r  
c in the spec i f ied  in te rva l  [0, 1] c o r r e s p o n d s  to a 
change in k in the in te rva l  [1, 0], for  which the de r i ve d  
solut ion of the p r o b l e m  is consequent ly  val id .  

The magni tude of the p a r a m e t e r  c for  the spec i f i ed  
k E [0, 1] can be d e t e r m i n e d  in this  case  by p roceed ing  
f rom the r e l a t ionsh ip  ca lcu la t ed  with (24) and shown 
in the f igure .  

The a c c u r a c y  of the de r i ved  app rox ima te  solut ion 
is de t e rmined  f rom the devia t ion  of the boundary  con-  
di t ion f rom the spec i f i ed  condit ion (2) when r > 1: 

a(r)=O(r, O)--k: ~ n 0), l < r < o o .  (25) 
0z 

(In p a r t i c u l a r ,  when k = 0 (c = 1), we have a(r )  = 0, 
i . e . ,  the de r ived  solut ion is exac t  in this  case) .  The 
ca lcula t ion  of a(r )  showed that  the g r e a t e s t  devia t ion  
is encounte red  in va lues  of r c lose  to unity,  where  
th is  function exhibi ts  an e x t r e m u m .  The tab le  below 
gives  the l a r g e s t  abso lu te  values  of a rea  x for  va r ious  
i n t e rva l s  of va r i a t i on  in r for  va r ious  va lues  of k. 

The upper  l imi t  of the e r r o r  in the app rox ima te  
solut ion de r ived  by us can be e s t i m a t e d  to an a c c u r a c y  
of 0.01 a t  any point  of the h a l f - s p a c e  z > 0 by means  
of the a u x i l i a r y  function A(r ,  z), if the l a t t e r  is h a r -  
monic  and if i t  a s s u m e s  the va lues  of a m a x  when z = 
= 0 :  

0; r <  I; 

I 0.28; 1 ~ r %  1,5; 

A(r, 0 ) =  { 0.15; 1 . 5 < r < 2 . 0 ;  

I 0.05; 2 , 0 < r < 5 . 0 ;  

t O; 5 < r < ~ .  

(26) 

The de t e rmina t i on  of the function A(r ,  z), r educ ing  
to the solut ion of the Di r i ch le t  p r o b l e m  for  a ha l f -  
space  with boundary  condit ion (26), involves no di f f i -  
cu l t i es  ; when r = 0, a t  the axes  of the sy s t em,  the 
solut ion has the fo rm 

0.i0 0,05 ) 
V 4 + z  2 ] / ~  �9 (27) 

The ca lcula t ion  c a r r i e d  out in acco rdance  with fo rmu la  
(27) d e m o n s t r a t e d  that  the e r r o r  in the solut ion of the 
o r ig ina l  p rob lem for  the points  on the axes  of the 
s y s t e m  does not exceed 0.07, i . e . ,  it  amounts  to no 
m o r e  than s e v e r a l  p e r c e n t  of the m a x i m u m  value of 
the function at  the boundary .  

The de r ived  app rox ima te  solut ion for  the p rob l em 
with boundary  condit ions (1) and (2) thus y ie lds  com-  
p le te ly  s a t i s f a c t o r y  a c c u r a c y .  

In conclusion,  i t  should be noted that  the above -  
c i ted  r e s u l t s  can a l so  be used  for  s i m i l a r  p r o b l e m s  
in potent ia l  theory  and, in p a r t i c u l a r ,  in ca lcu la t ing  
the e l e c t r i c  f ie ld of l i n e a r l y  po l a r i z ing  e l e c t r o d e s .  

NOTA TION 

6 is the  t e m p e r a t u r e ;  Q is the heat  flux; f and ~o a r e  
function symbols  ; a is  the d i f fe rence  in boundary  con-  
d i t ions ;  A is the e r r o r  in ca lcu la t ion ;  pand  t a r e  in-  
t eg ra t ion  v a r i a b l e s  ; k is the p a r a m e t e r  of v a r i a b l e s  
d iv is ion  in the Laplace  equation;  k is  a r ea l  con-  
s lan t ;  B and e a r e  p a r a m e t e r s ;  r and z a r e  ey l indiea l  
coord ina tes  ; "/To and J1 a r e  Bes se l  functions of the f i r s t  
kind of zero th  and f i r s t  o r d e r ,  r e s p e c t i v e l y ; K ,  E, and 
II a r e  total  e l l ip t i c  i n t eg ra l s  of the f i r s t ,  second,  and 
th i rd  kind, r e s p e c t i v e l y .  

REFERENCES 

i. G. V. Poddubnyi, IFZh, 4, 5, 1961. 
2. E. T. Artykpaev, IFZh, 7, i0, 1964. 
3. Yu. N. Kuz'min, ZhTF, 36, 2, 1966. 
4. N. N. Lebedev, DAN SSSR, 114, 3, 1957. 
5. E. G. Whittaker and D. N. Watson, A Course 

in Contemporary Analysis Part I. [Russian trans- 
lation], Fizmatgiz, 1963. 

6. I. S. Gradshtein and I. M. Ryzhik, Tables of 
Integrals, Sums, Series, and Products [in Russian], 
Fizmatgiz, 1962. 

7. N. N. Mirolyubov, M. V. Kostenko, M. L. 
Levinshtein, and N. N. Tikhodeev, Methods of Cal- 
culating E l e c t r o s t a t i c  F ie lds  [in Russian] ,  Izd. 
Vysshaya  shkola ,  Moscow, 1963, 

0.28 0.13 
a ( O , z ) = z  V l + z  ~ ] /2 ,25+z  2 15 May 1967 


